We consider the q-deformed Schrödinger equation of the harmonic oscillator on the N -dimensional quantum Euclidian space. The creation and annihilation operator are found, which systematically produce all energy levels and eigenfunctions of the Schrödinger equation. In order to get the q-series representation of the eigenfunction, we also give an alternative way to solve the Schrödinger equation which is based on the q-analysis. We represent the Schrödinger equation by the q-difference equation and solve it by using q-polynomials and q-exponential functions.
Introduction
To investigate the possibility of defining the quantum mechanics on a different type of geometry is a very interesting problem since we can expect that it will show new aspects of the quantum theory, see for example [1] . When we consider the noncommutative geometry as the base geometry, one feature is that the theory is formulated in an algebraic language since the noncommutative space is defined by a function algebra. Therefore, it is not easy to use the analogy with the commutative geometry in a simple way through such an algebraic language.
Taking the point of view that the quantum group and the quantum space are the q-deformation of the usual group and space, we can find the noncommutative analogue of the known objects such as the quantum Lorentz group [2, 3] , the quantum Minkowski space [3] , the quantum Poincaré group [4, 5, 6, 7] and many other properties. Differential calculi on q-spaces have been also constructed in a rather early stage of the investigations in quantum groups [8, 9] . They give a simple example of the noncommutative geometry and allow us to draw the analogy to the non-deformed theory.
In ref. [10] the authors have constructed the differential calculus on the N-dimensional q-Euclidian space, i.e. the differential calculus covariant under the action of the quantum group F un q (SO(N )). Although it became a little more complicated than the one in refs. [8, 9] which is based on A-type quantum groups, it has the advantage that it contains the metric which makes it possible to define the Laplacian.
Using this differential calculus we have investigated the Schrödinger equation corresponding to the q-deformed harmonic oscillator and have computed the ground state energy as well as the first two excited energy levels. However in that stage a systematic construction to all energy levels has been missing.
Recently the investigations on this line were put forward by several authors [11, 12, 13, 14] , especially by the work of Fiore [12] who proposed raising and lowering operators which map the wavefunctions of the r-th level to the one of the (r + 1)th level. However, these operators defined in ref. [12] have an explicit dependence on the energy level, i.e., there is one such operator for each level and thus we have an infinite number of them. Due to this feature, these operators cannot be considered as the q-analogue of the creation-annihilation operator.
It is the aim of this paper to develop further this approach and to construct the creation-annihilation operator of the N-dimensional q-deformed harmonic oscillator which is level-independent. This defines all energy eigenvalues and gives the expression of the eigenfunctions in terms of creation operators acting on the ground state. Since the creation-annihilation operator is given in terms of differential operators, in principle all eigenfunctions can be computed. It is however not so easy to find the explicit form of the wave function as a q-polynomial in the coordinates x i with this method.
Thus, we develop an alternative method to construct the eigenfunctions of the Schrödinger equation, which is another new result of this paper. It corresponds to the analytic construction of the wave function in the non-deformed case. Reducing the Schrödinger equation to a q-difference equation we solve it directly by using q-polynomials. The above described two constructions give the same eigenvalues and the resulting wave functions have a one-to-one correspondence.
Since the investigations in this paper are based on the results obtained in ref. [10] , let us briefly recall them here. It is known that theR-matrix of the quantum group F un q (SO(N )) can be written by using projection operators asR
where the indices S, A and 1 denote symmetric, antisymmetric and singlet, respectively. [16] The differential calculus on the q-Euclidian space derived in ref. [10] is making use of this projector decomposition. It is defined by the algebra C < x i , dx i , ∂ i > with relations consistent with the quantum group action. The relations are given by:
3)
where Q N is a constant given by
C ij is the metric of the quantum space, and µ is
The algebra is constructed such that there exists the q-analogue of the exterior derivative d ≡ C ij dx i ∂ j satisfying nilpotency and Leibniz rule. In this algebra, one can find the natural q-analogue of the Laplacian ∆ :
10)
The q-deformed Laplacian of the differential calculus on the N-dimensional q-Euclidian space led us to investigate the corresponding Schrödinger equation, the simplest example of which is the harmonic oscillator. The action of its Hamiltonian onto the wave function |Ψ is defined by
where we have shifted the normalization to the one introduced in ref. [12] which has the advantage that the factors q in the corresponding operators are distributed symmetrically w.r.t. the * -conjugation.
In this paper we do not write explicitly the result of the * -conjugated sector. The calculations and proofs given in the following sections can be performed completely parallel for the conjugated sector. In section 5, we discuss the properties of the system investigated in this paper with respect to the * -conjugation.
As a result of the investigations performed in ref. [10] we obtained the solution of the q-deformed Schrödinger equation for the ground state of the q-deformed harmonic oscillator and the first two excited energy levels. The ground state wave function is given by the q-exponential function as 12) with convention xCx = C ij x i x j . For the definition of the q-exponential function and some of its properties see the appendix. The ground state energy is
For the first excited level we have the eigenfunction of the vector representation |Ψ i 1 :
where 15) and for the second excited levels the symmetric tensor |Ψ 2,S and singlet representation |Ψ 2,1 with the same energy eigenvalue E 2 :
The corresponding wave functions are given by
and
where i, j = 1, ...N and A = − Q N q 2 ω(1+q 2 ) . All quantities given here are in the new normalization corresponding to eq.(1.11). As for the q-numbers we use the conventions:
These are the results which will be relevant for us in the following.
This paper is organized as follows. In section 2, we present the main results of the operator formalism as well as of the q-analysis. In section 3, we give the proofs of some theorems and propositions stated in section 2. In section 4, some further properties of the operator formalism are analyzed. Section 5 is devoted to discussions and conclusions.
Operator formalism
As in ordinary quantum mechanics, to generate all eigenfunctions of the q-deformed Schrödinger equation, it is natural to look for the creation and annihilation operator a i which satisfies in general
where we introduced a possible q-factor q k (k is a real constant). Then, a i maps the pth state to the (p + 1)th state and the constant C(ω) gives the energy difference between the two states. However in a q-deformed system we can easily see that there is not such an operator. The reason is that the energy difference between the neighbouring states is not equidistant as we see from the eigenvalues E 0 , E 1 and E 2 . Taking this into account, Fiore introduced in ref. [12] operators separately for each state which raise and lower the energy level, i.e., the p-th raising operator a † p acts as : |p >→ |p + 1 > (and correspondingly the lowering operator a p ) for the pth level. In this way he obtains all the states together with an infinite number of raising (and lowering) operators. It is a priori not obvious whether one can define at all a creation-annihilation operator which produces all states of this q-deformed system.
The key point to find the creation-annihilation operator of this system is to allow the quantity C(ω) to be a function of the Hamiltonian. One can easily see that with this generalization the operator a i still maps one eigenstate to another eigenstate of different energy level. Using the analogy with the non-deformed case we look for a creation-annihilation operator of the form (∂ i + x i α) and the above generalization means that the coefficient α is a function of the Hamiltonian.
In our construction we also have to take into account that the coordinate function x i and the derivative ∂ i have non-trivial commutation relations with the Hamiltonian:
2)
With the above described considerations we find the following operators:
Theorem A :
i) The creation operator a i − and annihilation operator a i + are defined by
where
and λ
ii) The commutation relation of the creation and annihilation operators with the Hamiltonian is
The proof of this theorem is given in the section 3.1.
With these operators defined in Theorem A we can derive the whole set of states of the corresponding q-deformed Schrödinger equation as follows. First we derive the energy spectrum generated by this operator. Formula (2.7) gives the recursion formula of the energy levels from E p to E p+1 when both sides are evaluated on the state |Ψ p . Therefore we only need to know the eigenvalue of the ground state. As we have shown in the ref. [10] , the wavefunction corresponding to the ground state in the limit q → 1 is given by |Ψ 0 in eq.(1.12) and it is a candidate of the ground state for the q-deformed case. We can prove that the operator a i + annihilates |Ψ 0 :
Proof : Using that the ground state energy
where the definition of K is given in eq.(2.5). Knowing this we act with the annihilation operator a i + onto |Ψ 0 > and obtain
The excited states are obtained by successively applying the creation operator a i − onto the ground state, the energy eigenvalue of which is defined by eq.(1.13). As we prove in section 3.2, after some calculation we get the energy eigenvalue of the p-th level:
Proposition B :
Proof : Proof is given in section 3.2.
Another result which is obtained in the course of deriving the energy eigenvalue is the value of the operator α when acting on the state |Ψ p >:
Thus as a consequence, we obtain the equation
Therefore, when the creation-annihilation operator defined in eq.(2.4) is acting onto an eigenstate and we evaluate only the operator α ± (ω) then the resulting expression becomes level-dependent and coincides with the raising operator constructed by Fiore.
One of the important relations to characterize the operators α ± (ω) and a i ± are the following commutation relations Proposition C :
14)
the proof of which is given in section 3.3.
Using the above relations we can show that
The q-antisymmetric product of the creation operator vanishes
Proof :
Multiplying the projection operator onto both sides and using the defining relations (1.2) (1.5) (1.6), we get Theorem B. q.e.d
Note that the same relation can be proven for the annihilation operator, i.e. P A (a i + a j + ) = 0. Theorem B means that the creation operator satisfies the same commutation relation as the q-space coordinate function x i . Thus for example
. Consequently any state constructed by successively applying the creation operator a i − onto the ground state Ψ 0 is a q-symmetric tensor. Thus we may call the creationannihilation operator a i ± a q-bosonic operator. Let us state the above results as a theorem.
Theorem C :
The states of the pth level constructed by p creation operators a i
and are q-symmetric tensors, i.e., ∀l ∈ {1, ..., p−1}
Proof : The energy eigenvalue depends only on the number of creation operators and thus the wavefunctions defined in (2.20) have the same value for a fixed level p. The eigenvalue E p is derived in section 3.2. The second part of Theorem C is a direct consequence of Theorem B.
Thus the number of states of the pth level is equal to the number of states of the non-deformed case, i.e., N +p p . The q-symmetric tensor can be split into symmetric traceless tensors corresponding to the irreducible representations of F un q (SO(N )) :
Correspondingly the wave function in eq.(2.20) is split into irreducible components. With this operator method, Theorem C defines in principle all eigenfunctions. However it is not straightforward to obtain an expression of the eigenfunctions as q-polynomials in x i .
The wave function as a q-polynomial in x
In order to obtain an expression of the eigenfunctions in terms of q-polynomials in the coordinate, a simple way is to use the relations of the q-differential calculus with the q-analysis [17] .
The q-symmetric traceless pth tensor representation S I p can be constructed as follows:
for j = 1, ..., p − 1.
Since the tensor structure is defined by these q-symmetric tensors, the wave functions can be written by the product of q-symmetric tensor and function of x 2 . Thus to solve the Schrödinger equation (1.11), we take the ansatz:
The problem is to fix the function f (x 2 ). For this end, we need the following formulae:
Computing the action of the Hamiltonian onto the wave function (2.26), the Schrödinger equation becomes:
where the definition of D x 2 is
From eq.(2.31) we get the following q-difference equation for f (x 2 )
To solve this equation we take an ansatz with the q-exponential function as:
The definition and properties of the q-exponential function Exp q 2 (α) are collected in the appendix. A lengthy but straightforward calculation yields
We look for the solution which has a finite number of terms in the expansion eq.(2.34). In such a case the argument of the q-exponential functions in eq.(2.34) can be shifted to the q-exponential of the largest s by using the relations given in the appendix. Then such a function f (x 2 ) becomes a polynomial of x 2 multiplied with the q-exponential which has a smooth finite limit under q → 1. On the other hand since the q-exponentials with different arguments generate different powers in x 2 , they are independent and cannot cancel each other. Thus solving the equation, we require that for each term in the series eq.(2.35) the sum of the coefficients of different exponential functions separately vanishes.
First we see that in the term for Exp q 2 (α), i.e. for s = −1 in eq.(2.35), the coefficient of b 0 is zero. Therefore we can consistently set b s = 0 for s < 0 and require that the first nonzero term starts with the b 0 term. Now we require that the series has only a finite number of terms. To satisfy this, the second term under the sum, i.e., the coefficient of Exp q 2 (q −2s α) containing the factor b s must vanish for a certain s. Calling this largest integer s as r, this requirement defines the energy eigenvalue E as
With this eigenvalue, we can set the b s = 0 for s > r and can solve the equation (2.33). From the condition that the sum of all terms with the same argument in the exponential function vanishes we get the recursion formula
(2.37)
Therefore we obtain
.
(2.38)
The b r simply shows the freedom of the overall normalization and thus the wave functions are now defined in terms of the q-exponential functions and the q-polynomials of the coordinate functions x i with a finite number of terms and with the b s given above as
The energy eigenvalue of |Ψ p,r > is given by E in eq.(2.36) and it coincides with the eigenvalue defined by using the creation-annihilation operator in the previous section. We can also confirm that there is a one-to-one correspondence between the wave function given in eq.(2.20) and the one in eq.(2.39):
The wave function derived in eq.(2.39) shows that for each pth rank tensor we have an infinite tower of eigenfunctions labeled by the integer r with the eigenvalue E p+2r = q
This means that for the fixed eigenvalue E p ′ there is one eigenfunction of pth rank tensor for each p which satisfies p + 2r = p ′ with a positive integer r. This is the result given in eq.(2.22).
This completes the q-analytic construction of the eigenfunctions which gives the q-polynomial representation of the wave function corresponding to the irreducible representations of the F un q (SO(N )).
Proofs of Theorem A, Proposition B and Proposition C
In this section we give the proof of Theorem A, the energy eigenvalue E p given in Proposition B, as well as of Proposition C.
Proof of Theorem A
Since the commutation relations of H(ω) with x and the one with ∂ generate a discrepancy in the factors q as one can see from eqs.(2.2) and (2.3), we carefully have to choose the operator α. It turns out that when we put the operator α at the right hand side of x i , we have to consider α as a function of H(ω/q). Taking this into account we consider the following operator:
where α(ω/q) is a function of the Hamiltonian H(ω/q) and thus α(ω/q) does not commute with H(ω) but with H(ω/q).
The commutation relation of the operators A ± in eq.(3.1) with the Hamiltonian can be computed by using eqs.(2.2)-(2.3):
We require that the r.h.s. is also proportional to the operator A ± (ω). Thus α(ω/q) is defined by the
Since the operator α(ω/q) commutes with the H(ω/q), the above equation leads to the simple quadratic equation for α(ω/q)
the solution of which is given by eq.(2.5). Then from eq.(3.2) we get
This is not a commutation relation yet since the argument of the Hamiltonian is shifted. In order to obtain eq.(2.7) we still have to improve our operator such that the argument of the Hamiltonian remains also unchanged. This can be achieved by introducing the shift operator λ, the action of which is defined as λx = qxλ , (3.6)
Consequently we get λ 8) and λ
Note that the shift operator λ relates to the algebra element Λ introduced in ref. [15] by
Thus we define improved operators by including the operator λ as
Then using eqs.(2.2)-(2.3) we get
q.e.d
3. 
Substituting this into eq.(3.13) we obtain
Therefore the energy eigenvalue of the p-th level is given by
which is the result stated in Proposition B.
Proof of Proposition C
In Proposition C the commutation relation of a ± and α ± is stated, the proof of which is as follows:
The expression under the square root can be rewritten in a more convenient way as
where we have used that ω 2 = −α + α − . Thus
where, in order to determine the overall sign we have required that for the case q = 1 (no deformation) the value of the square root be √ = +ω. Correspondingly for the case of α − we obtain
where we again require that √ = +ω for q = 1. Therefore we obtain the following commutation relations
Operator relations
It is interesting to ask how far we can make the analogy of the operator algebra using the creationannihilation operator. We investigate here further properties of the creation-annihilation operator given in eq.(2.4) and give some results concerning the operator formalism of the q-deformed Schrödinger equation (1.11).
First we give an alternative representation of the creation-annihilation operator. When we defined the creation-annihilation operator we have taken the ansatz (3.1) where the operator α is on the right hand side of the coordinate x i . Actually we can find the solution with the ansatz where the operator α ′ is on the left hand side of the coordinate x i :
The derivation of the operator α ′ is analogous to the one given in section 3.1. The result is Theorem D : The creation-annihilation operator can be also represented by
where the operator α(ω) is given by eq.(2.5). These two representations satisfy the identity
2)
Proof : One can derive b ± directly as performed for a ± and show that both operators eq.(2.4) and eq.(4.1) give the same energy eigenvalues of the states. Here, instead of repeating these calculations as performed in section 3 we give the proof of the relation (4.2), which also proves the above statements.
First we prove the commutator of α with x, which is given in a convenient form by including the shift operator λ as
into Proposition C we get
Subtracting the second equation from the first yields
Dividing by the factor (α + − α − ) we get the relation(4.3)
With this results we obtain the relation between the a ± and b ± as
Thus we get
Dividing by (α + − α − ) from the left we get the equation (4.2) of Theorem D.
The operator b i ± is important when we investigate the transformation rule of the creation-annihilation operator under the * -conjugation. This problem is beyond the scope of this paper and will be discussed elsewhere. We show in the rest of this section how the Hamiltonian can be represented in terms of the creation-annihilation operator defined in Theorem A.
Analogously to the non-deformed case the operators (a + · a − ) and (a − · a + ) are singlet representations of the quantum group. Thus we expect that they can be given as functions of the Hamiltonian. A straightforward computation leads to the following operator identity 11) and the linear combination of the above expressions gives the following simple relation
The extra operator λ −1 B commutes with the Hamiltonian:
Actually the eigenfunctions also form a diagonal basis with respect to this operator, i.e. when acting with the operator λ −1B onto the wave function eq.(2.26) we obtain 15) where N p is a certain q-number. However, this eigenvalue N p is not independent of the states. By using the explicit form of the wave function Ψ p+2r = S p f r (x 2 ) derived in section 2 we can determine the eigenvalue N p . It is given by
From this we see that the eigenvalue of λ −1B depends only on the tensor structure defined by p and is nonzero. To get the Hamiltonian, we have to divide out this operator.
Finally we give the commutation relation of a i + and a j − :
The operator P A (x i ∂ j ) appearing in the r.h.s. is proportional to the angular momentum in the limit q → 1. (Some properties of the operator P A (x i ∂ j ) have been discussed in ref. [12] .) This means that the commutator of the creation and annihilation operator contains the angular momentum.
Discussion and conclusion
In this paper we have shown two different methods to construct the solution of the q-deformed Schrödinger equation with F un q (SO(N )) symmetry. It is proven that a creation-annihilation operator exists which generate all excitation levels. We also gave the explicit solution in terms of the q-polynomial and q-exponential functions by solving the associated q-difference equation.
Concerning the Hamiltonian it is not completely straightforward to express it in terms of the creation-annihilation operators as we see from the result of eq.(4.12). One way to investigate such a property is to take the operators a i ± as the fundamental quantities of the system, and consider the 'improved' Hamiltonian which is directly proportional to ((a + · a − ) + (a − · a + )) on operator level. For this one may still consider the rescaling of the creation-annihilation operator by the function of the Hamiltonian as is suggested by the theorem D. From eq.(4.2), we see that when we define the creation-annihilation operator with the factor
2 appropriately, the relation between the improved a i ± and b i ± is simplified. Such an improved creation-annihilation operator also seems to simplify the * -conjugation of the operators. This problem is still under investigation.
Concerning the conjugation property, there is the following problem which has to be solved. Under the simple * -conjugation which is defined by [15] 
the Hamiltonian is transformed as
If we apply the reality condition proposed in ref. [15] , the above equation gives
Thus under the * -conjugation with applying the reality condition proposed in ref. [15] , the Hamiltonian is not an hermitian operator.
On the other hand considering the various possible Laplacians and its operations on the qexponential function, we find that (∂ · ∂) and (∂ ·∂) have simple relations which can be identified with the eigenfunction equation. We listed the four types of Laplacians which may be considered as the eigenfunction equation in the appendix. These four Laplacians are all non-hermitian under the * -conjugation with the reality condition given in ref. [15] . With our present knowledge, it is not possible to construct the eigenfunctions for a Laplacian which is hermitian under the conjugation discussed above.
Recall that the hermiticity condition is related with the definition of the norm. On the other hand the definition of the norm is also related with the definition of the integration on the quantum space. In principle the integration can be defined algebraically by requiring the property of the partial integration. [14, 12] . However, this does not fix the norm and we may still consider the possibility of modifying the norm and the definition of the hermitian conjugation. One possibility is discussed in ref. [12] . We shall report elsewhere on this problem, including the integration on the quantum space.
Finally we would like to remark that this formulation of the N-dimensional harmonic oscillator on quantum space may be applied to the formulation of the q-deformed string theory. See ref. [18] and references therein.
The abbreviation GT simply means "go-through term"; in the case of eq.(A.6) for example GT = 
